In this paper we study some obstructions which arise when trying to lift commuting positive elements in a corona algebra to commuting positive elements in the multiplier algebra. We focus on those obstructions which are caused by the cardinality of the collection we want to lift. It is known that no obstacles show up when lifting a countable family of commuting projections, or of orthogonal positive elements, to a collection of commuting positive elements. However we prove, for A primitive σ-unital non-unital C*-algebra, that there exists an uncountable set of orthogonal positive elements (which can be chosen to be projections if A has real rank zero) in the corona algebra of A which cannot be lifted to a commutative set of positive elements in the multiplier algebra of A.
Introduction
Let A be a C*-algebra, denote by M (A) its multiplier algebra, by C(A) its corona algebra (namely M (A)/A), and by π the canonical projection from M (A) to C(A). Denote by A sa and by A + respectively the set of self-adjoint and of positive elements of a C*-algebra A.
A lifting in M (A) of a set B = {b i : i ∈ I} ⊆ C(A) is a set {a i : i ∈ I} ⊆ M (A) such that π(a i ) = b i . The study of how and if certain properties of B ⊆ C(A) could be preserved in a lifting, and similarly the analysis of the relations between B ⊆ C(A) and its preimage π −1 (B), has brought to a wide family of lifting results, mainly used as a mean to produce specific examples (or counterexamples) of *-algebras. A general approach to this topic can be found in [14] . The reader who is interested in some applications is referred for instance to the construction in [6] (and its refinement in [19] ), where the authors produce an amenable C*-subalgebra, call it B, of a certain corona algebra, such that π −1 (B) is an amenable nonseparable Banach algebra which is not isomorphic to a C*-algebra. Other interesting examples are in [1] and in [2] . The former paper presents, assuming the Continuum Hypothesis, a non-separable C*-algebra whose abelian subalgebras are separable, while in the latter Anderson produces a masa in the Calkin algebra generated by its projections which doesn't lift to a masa in B(H). Anderson's proof requires the Continuum Hypothesis, and it is not known yet whether this assumption can be removed from the proof (see also [18] ).
Let A be a non-commutative non-unital C*-algebra. In the present paper we study, given a commutative collection B in C(A), the possible obstructions which might prevent a commutative lifting of B in M (A). We will consider families with several different properties, but our main concern will be the role played by the cardinality of the set we want to lift. The following table summarizes all the cases we are going to analyze: Here " " and "×" indicate whether it is possible or not to have the lifting on the left column for collections whose size is the cardinal in the top line, and C(H) is the Calkin algebra. The requests on the left column become weaker going down, and this mirrors the hypotheses we are going to add through the paper after we encounter a counterexample, but it is clear from the table that starting with an uncountable collection is a fatal obstruction. Most of the results about the two columns in the middle are already known ([14] , [10] ), while the main contribution of this paper regards the right column, for which some results about projections in the Calkin algebra have already been proved ( [10] , [4] ).
C(A) → M (A)
The first lifting problem in the table is one of the most immediate question in this context: is it always possible to lift commuting self-adjoint elements in a corona algebra to commuting self-adjoint elements in the multiplier algebra? The first obstruction we encounter is a K-theoretic one. Assume A is K(H), the algebra of compact operators on a separable Hilbert space H (so that M (A) = B(H) and C(A) = C(H)). Then any essentially normal Fredholm operator whose index is not zero, such as the unilateral shift, projects in the Calkin algebra to a normal element whose real and imaginary part commute, but they cannot be lifted to commuting self-adjoint elements in B(H) (more on this in [5] and [8] ).
A possible way to bypass this obstruction is, as mentioned earlier, to strengthen the hypotheses on the collection we start with. In [10, Lemma 5 .34] it is proved that any countable family of commuting projections in the Calkin algebra can be lifted to a family of commuting projections (the authors actually provide a lifting of simultaneously diagonalizable projections). On the same lines of this result, in Section 2 we show, proving a more general statement about liftings, that any countable collection of commuting projections in a corona algebra can be lifted to a commutative family of positive elements in the multiplier algebra 1 . Another possibility is to start with a family of pairwise orthogonal self-adjoint elements, where we say that two elements are orthogonal if their product is zero. If such family is countable, then there exists a commutative lifting. It is actually possible to prove a stronger statement. In Section 2 we report a result of [14] which shows that, given a set {s n } n∈N , the relations 0 ≤ s n ≤ 1 s i s j = 0 ∀i = j are, according to the terminology of [14] , liftable. This is equivalent to say that for every surjective *-homomorphism ϕ : A → B between two C*-algebras, and every countable family {b n } n∈N of orthogonal elements in B + , it is possible to find a collection of orthogonal elements {a n } n∈N in A + such that ϕ(a n ) = b n .
In general we can't expect to be able to generalize verbatim the above result for uncountable families of orthogonal positive elements. In fact, by a cardinality obstruction, a multiplier algebra which can be faithfully represented on a separable Hilbert space cannot contain an uncountable collection of orthogonal elements.
So the best we can hope is to lift an uncountable family of orthogonal positive elements in a corona algebra to a family of commuting positive elements in the multiplier algebra. However, even in this case, we encounter an obstruction of set-theoretic nature. In Theorem 5.35 of [10] the authors produce an ℵ 1 -sized set of orthogonal projections in the Calkin algebra which cannot be simultaneously lifted to diagonalizable projections in B(H). This result is refined in Theorem 7 of [4] , here the ℵ 1 -sized set of orthogonal projections doesn't contain any uncountable subset that simultaneously lifts to commuting projections.
The main result of this paper is a generalization of Theorem 7 in [4] . The proof of Theorem 1.1 is inspired by the combinatorics used in [4] and [10] , which goes back to Luzin and Hausdorff and the study of uncountable almost disjoint families of subsets of N and Luzin's families (see [15] ). We remark that no extra set theoretic assumption (such as the Continuum Hypothesis) is required in our proof.
The paper is structured as follows: in Section 2 we report the results needed to settle the problem of liftings of countable families of commuting projections and of orthogonal positive elements. Section 3 is devoted to the proof of Theorem 1.1, while concluding remarks and questions can be found in Section 4
Countable collections
In [10, Lemma 5.34] Farah and Wofsey prove that any countable set of commuting projections in the Calkin algebra can be lifted to a set of simultaneously diagonalizable projections in B(H). The thesis in the following proposition is weaker, but it holds in a more general context. Proof. We can assume that A and B are unital and that ϕ(1 A ) = 1 B . Let C ⊆ B be the separable abelian algebra generated by {p n } n∈N and 1 B . As showed in [17, p. 293 
Denote by X the spectrum of b, so that C ∼ = C(X), the last one being the algebra of continuous functions from
Observe that if in the previous proof we are able to lift b to an a whose spectrum is X (like in the Calkin algebra), then the q n can be chosen to be projections.
We focus now on lifting sets of positive orthogonal elements, starting with a set of size two. Let therefore ϕ : A → B be a surjective *-homomorphism of C*-algebras, and let b 1 , b 2 ∈ B + be such that b 1 b 2 = 0. Consider the self-adjoint b = b 1 − b 2 and let a ∈ A sa be such that ϕ(a) = b. Then the positive and negative part of a are two orthogonal positive elements such that ϕ(a 
This is a collection of positive elements such that
• b i c j = 0 for i < j; 
Uncountable collections
Throughout this section, let A be a σ-unital non-unital primitive C*-algebra. A C*-algebra is σ-unital if it admits a countable approximate unit, and it is primitive if it admits a faithful irreducible representation. We can thus assume that A is a noncommutative strongly dense C*-subalgebra of B(H) for a certain Hilbert space H. In this case M (A) can be identified with the idealizer
or with the strict closure of A in B(H). In particular, a sequence of operators {x n } n∈N is said to strictly converge to x ∈ B(H) if and only if x n a → xa and ax n → ax in norm for all a ∈ A. Moreover, from now on denote by (e n ) n∈N an approximate unit of A such that:
• e 0 = 0
• e i = e j for i = j;
• e i e j = e i for every i < j.
Such an approximate unit exists since A is σ-unital, as proved in Section 2 of [16] . The proof of Theorem 1.1 follows closely the one given by Bice and Koszmider for Theorem 7, and a Lemma similar to Lemma 6 in [4] is required.
, for all β ∈ ℵ 1 , all n ∈ N, and all but finitely many α < β:
where [a, b] = ab − ba is the commutator of a and b.
Once you have Lemma 3.1, the proof of Theorem 1.1 is almost identical to the one given in Theorem 7 of [4] . Nonetheless, for the sake of completeness, we report it here explicitly.
Proof of Theorem 1.1. Let (e n ) n∈N ⊆ A be the approximate unit defined above, and let (a β ) β∈ℵ1 be the ℵ 1 -sized collection obtained from Lemma 3.1. Suppose there is an uncountable U ⊆ ℵ 1 and (d β ) β∈U ⊆ A such that
Therefore, for any β ∈ U and α < β in U we have
This is a contradiction when {α ∈ U : α < β} is infinite.
We are left with proving Lemma 3.1. The idea is to build a sequence (a β ) β∈ℵ1 such that for each β ∈ ℵ 1 : for some α < β and some n ∈ N. The choice of f β will guarantee orthogonality in C(A) exploiting, for n 2 < n 1 < m 2 < m 1 , the following fact:
(e m1 − e m2 )(e n1 − e n2 ) = 0
In the hypotheses we also required A to be primitive. The reason for this is that the main ingredient used to build c β k is Kadison's Transitivity Theorem (KTT from now on).
Proof of Lemma 3.1. We will assume d 1 = d 2 = 1, as the proof for the general case will easily follow. For each n < m denote by S n,m the space (e m − e n )H. We start defining a 0 . Let f : N → N be defined as follows:
Since A is (algebraically) irreducible, and for each k ∈ N there is a non-zero vector x in the range of e f (2k+1) − e f (2k) , and e f (2k+2) (x) = x = 0, we get that:
, which is an hereditary subalgebra of A, we can infer: 
We still get that f 0 is a strictly increasing function and that the length of the intervals [f 0 (2k + 1), f 0 (2k + 2)] grows exponentially. Moreover and, by functional calculus, also
We can thus infer by Theorem 4.1 in [16] that the sum
is strictly convergent, so a 0 ∈ M (A) and, being a serie of positive elements, it is positive. Moreover:
In order to show that a 0 / ∈ A, first observe that
In fact the first sum annihilates because ξ 0 k = (e f0(2k+1) − e f0(2k) )(ξ), and for m < k: for every ξ ∈ S f0(2n),f0(2n+1) . Observe that (a 0 − e f0(2m+1) a 0 )(ξ 0 k ) = 1 for k > m, thus a 0 / ∈ A. Suppose now to have a family of elements (a n ) n<β (β < ω or β = ω, ω being the first countable ordinal) in M (A) + and functions (f n ) n<β such that:
1. for all n < β the function f n : N → N is strictly increasing and, given any other m < n, for all k ∈ N there exists N ∈ N such that for all j > N the following holds
Moreover we ask that for all n ∈ β and all k ∈ N:
2. for each n < β a n = k∈N c n k
where for all k ∈ N c n k ∈ A + and 1 ≤ c n k ≤ 4. We also require that: 3. given n < β, for all l ∈ N, and for all but possibly l many m < n the following holds: (a n + e l )(a m + e l ) − (a m + e l )(a n + e l ) ≥ 1 2
It can be shown, as we already did for a 0 , that for all n ∈ β:
• a n ∈ M (A) + \ A since
and for all k ∈ N c n k is an element in A + of norm greater than 1; • a n ≤ 4;
• for each ξ ∈ S fn(2k),fn(2k+1) a n (ξ) = c n k (ξ). Moreover, clause 1 plus the fact that for n 2 < n 1 < m 2 < m 1 (e m1 − e m2 )(e n1 − e n2 ) = 0 are sufficient to infer that a n a m ∈ A for all m, n < β.
We want to build f β and a β such that the family {a n } n<β ∪ {a β } satisfies the three inductive hypotheses. This will be sufficient to continue the induction and satisfy the thesis of the lemma. The construction proceeds inductively on the couples (i, j) with i ≤ j < β. We start from (0, 0), then we pass to (0, 1), (1, 1), (0, 2), (1, 2) and so on. For each couple (i, j) we will provide a c β Mi,j ∈ A + such that
and two values of f β will be defined. Suppose we are at step (i, j) (let it be the M th i,j step) and assume that f β (n) is defined for n ≤ 2M i,j − 1. Let m ∈ N be the smallest natural number such that
Mi,j holds for all k < j and all n ∈ N. By inductive hypothesis there are two norm one orthogonal vectors ξ 
in fact, each of the last 4 pieces in the second line is zero, since e i (ξ) = 0 for every ξ ∈ S fj (2m),fj (2m+1) (and the same is true if d i = 1, for i = 1, 2). If β = ω, then the construction goes on inductively and in the end we define
This serie is strictly convergent and the family {a α } α<ω+1 realizes clauses 1 and 2 of the inductive hypothesis. On the other hand, if β ∈ N, we have only a finite number of c β n , therefore their sum (which is finite) is going to be an element of A. What we do then is adding an infinite number of addends as we did for a 0 . Say that β = N , then define f β (2(N + 1)) as the smallest integer such that
• |f β (2(N + 1)) − f j (n)| > 2 2(N +1) for all j < β; and for all n ∈ N Define f β (2(N + 1) + 1) = f β (2(N + 1)) + 3 and continue inductively the definition of f β . For each n > N we can therefore, as we did for a 0 via KTT, find a positive element c β n ∈ (e f β (2n+1)−1 − e f β (2n)+1 )A(e f β (2n+1)−1 − e f β (2n)+1 ) which moves a norm one vector ξ β n ∈ S f β (2n),f β (2n+1) into itself, and another orthogonal norm one vector η β n to zero. It is easy to see that if we define a β to be the sum of the c β n for n ∈ N so defined, the family {a n } n<β+1 satisfies clauses 1 and 2 of the inductive hypothesis.
We conclude verifying clause 3 for β. Remember that for ξ ∈ S fα(2k),fα(2k+1) and for all α ∈ β + 1 a α (ξ) = c α k (ξ) Let i ≤ j < β, and let m ∈ N be such that f β (2M i,j ) = f j (2m) − 1 (by construction we can find such m). Remember that ξ
This concludes the proof 3 .
3 In order to get the sequence of thesis just multiply every a β by 1 4 .
Proof of Corollary 1.2. The proof follows verbatim the one given for Lemma 3.1 plus Theorem 1.1. The only difference is that, each time KTT is invoked in Lemma 3.1, it is possible to use a stronger version of KTT for C*-algebras of real rank zero (see for instance Theorem 6.5 of [3] ) which allows to chose at each step a projection (remember that if A has real rank zero, then the same is true for all its hereditary subalgebras).
Concluding remarks and questions
If A is a commutative non-unital C*-algebra, then the problem of lifting commuting elements from C(A) to M (A) is trivial, being the last two algebras abelian. In Section 3 we ruled out this possibility asking A to be primitive. The primitivity hypothesis can be thus justified as a strong negation of commutativity in this case. If we assume A to be primitive, can we remove the hypothesis of σ-unitality and still get Theorem 1.1? There are some instances for which the answer is positive. One example is the algebra of compact operators over a non-separable Hilbert space H. In this case, let L ⊆ H be a separable closed subspace, and let {a β } β∈ℵ1 ⊆ B(L) + be the sequence given by Lemma 3.1 for A = K(L). Extend each a β to be zero on L ⊥ , think {a β } β∈ℵ1 as a collection in B(H) + , and consider a sequence {k β } β∈ℵ1 ⊆ K(H). Let p be the orthogonal projection from H to L and denote by h β the operator pk β p ∈ K(L). By Theorem 1.1 there exist α, β ∈ ℵ 1 and ξ ∈ L such that
This implies that the element
is the sum of a non-zero vector in L plus a vector in L ⊥ , therefore it cannot be zero. The situation however is not clear in general. In fact, there are extreme examples of primitive non σ-unital algebras whose corona is isomorphic to the complex field C (see the algebra built in [11] ), for which Theorem 1.1 is trivially false. Our hypothesis is that there might be a condition on the order structure of the approximate unit of A which is weaker than σ-unitality, but still makes Theorem 1.1 true.
We also want to remark that the proof we gave for Theorem 1.1 can be adapted to any primitive C*-algebra A which admits an increasing approximate unit {e α } α∈κ , κ being a regular cardinal, to produce a κ + -sized family of orthogonal positive elements in C(A) which cannot be lifted to a set of commuting positive elements in M (A).
In conclusion, we want to present a problem related to the results of this paper. Assume F ⊆ C(A) sa is a commutative family such that any smaller (in the sense of cardinality) subset can be lifted to a set of commuting elements in M (A) sa . Question 4.1. Can F be lifted to a collection of commuting elements in M (A) sa ? Theorem 1.1 and Proposition 2.2 show that this is not true in general for primitive σ-unital C*-algebras if |F | = ℵ 1 , pointing out the set theoretic incompactness of ℵ 1 for this property. In the Calkin algebra, for every even number n we can find a family F of size n for which Question 4.1 has negative answer. Let S n be the n-dimensional sphere. The algebra C(S n ) is generated by n + 1 self-adjoint elements {h i } 0≤i≤n such that h 2 0 + · · · + h 2 n = 1 Let F = {h i } 0≤i≤n . The relation above implies that the joint spectrum of a subset of F of size m ≤ n is the m-dimensional ball B m . Since B m is contractible the group Ext(B m ) is trivial (for the definition of the functor Ext and its basic properties see [5] ), and this implies that, for any [τ ] ∈ Ext(S n ), any proper subset of τ (F ) can be lifted to a set of commuting self-adjoint operators in B(H). On the other hand Ext(S 2k+1 ) = Z for every k ∈ N, thus a non-trivial extension τ of K(H) by C(S 2k+1 ) produces a family τ (F ) of size 2k + 2 for which Question 4.1 has negative answer 4 . This argument doesn't apply to families of odd cardinality, since Ext(S 2k ) = {0} for every k ∈ N. However, in [7] (see also [20] , [13] ), the author produces a family F of three commuting self-adjoint elements in the corona algebra of n∈N M n (C), such that every proper subset of F has a commutative lifting, but the whole family doesn't. It would be interesting to know the answer to Question 4.1 for countable families and for finite families whose cardinality is an odd number greater than 3. 4 If τ : C(S 2k+1 ) → C(H) is a non-trivial extension then there is no *-homomorphism σ : C(S 2k+1 ) → B(H) such that τ = σ •π. If we could lift {τ (hi)} 0≤i≤2k+1 to commuting elements {si} 0≤i≤2k+1 in B(H)sa, they would generate a commutative C*-algebra C(Y ) which would contain some compact operators (otherwise Y = S 2k+1 ). Let τ ′ be such that τ ⊕ τ ′ is trivial and consider τ ′′ = n∈N τ ⊕ τ ′ . τ ′′ is trivial, hence τ ⊕ τ ′′ is equivalent to τ . If we lift each τ ⊕ τ ′′ (hi) to the sequence with si in all the coordinates associated to τ and with zero in those associated to τ ′ , we get a commutative lifting where the algebra generated doesn't contain compact operators, which is absurd.
